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The purpose of this note is to characterize when the length of the alternation set
can be used to determine if a best real rational approximant of a real continuous
function on a real interval is also a best complex rational approximant.

1. INTRODUCTION

For a given pair (m, n) of non-negative integers and a given continuous
real function £ on [—1,1], it is well known that there is a unique best
uniform approximation from the set of real rational functions with numerator
degree at most m and denominator degree at most » and that the best
approximation R is characterized by the length of the alternation set (defined
below) of f— R. See, for instance, [2, p. 161]. Less is known about complex
rational approximants of real functions. One might expect as in the
polynomials case that admitting complex approximants would not produce a
better approximation since the imaginary part of the rational function does
not aid in approximating a real function. It scems to be a fairly recent obser-
vation that that is not the case. See, for example, [4], which gives as a
special case the earlier result of [1].

This prompts one to wonder under what circumstance a best real rational
approximant is also a best complex approximant. In [4], Saff and Varga
gave a partial answer to that question. Their result, stated as Theorem 1.1,
below, gives two constants d, and d, such that if the length of very alter-
nation set of f— R is no more than d, then R is not the best complex rational
approximant and if f— R has a alternation set of length at least d, then R is
a best complex rational approximant. Unfortunately, in most cases d, < d,
so that their results left a gap in which one could not decide on the basis of
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the alternation set alone whether or not R was a best complex rational
approximant. Later, Wulbert observed in [S] that this gap cannot be
removed. That is, in certain circumstances a knowledge of the length of the
alternation set of f— R is not sufficient to decide if R is a best complex
rational approximant of f.

The main result of this note, Theorem 3.4, explicitly describes that gap.
We prove Theorem 3.4 by first showing that d, can be replaced by
m+ n+ 1 (Theorem 2.1) and then proving that the constants m + n + 1 and
d, cannot be improved (Corollary 2.4 and Theorem 3.3).

To give a precise statement of the result of Saff and Varga and of our
extension of that result, we will need to develop some notation. For any non-
negative integer n, let I, denote the set of all polynomials with real or
complex coefficients which have degree at most #, and let IT;, be the subset of
II, which consists of polynomials with only real coefficients. We will use
1, , and I, , to represent the sets {q/p:q€ I, and p€Il,} and
{q/p:q € O}, and p € II,,}, respectively. For arbitrary polynomials ¢ and p,
let (g,p) be the greatest common divisor of ¢ and p. In particular, if
(g,p) =1 then p and g have no common factors.

For a given real or complex function f, let ||fl :=sup,¢;_, [/ (x). A
rational function R € 11, ,(II;, ) is a best uniform approximation of f from
1,,dL, ) i |f = R|| = infp, I/~ T) Ginfyeq, 1/ TI). The collection
of all best uniform approximations of f from 11, ,(IT}, ,) will be denoted by
B (/B u().

If fis a real continuous function on [—1,1], known compactness
arguments show that B,, ,(f) and B;, ,(f) are not empty. In fact, as we
mentioned from above, B}, (f) contains a single element R =g/p with
(g, p) =1 which is characterized by the property that f— R has an alter-
nation set containing at least 2 + max(m + deg p, n + deg g) points, where
for any real function g on [—1, 1] an alternation set for g is defined to be
any finite collection x, <x,<--- <x, of points of [~1,1] such that
x € crit(g) = {x € [~1, 1]: | g(x) = || gll} j= 1, 2, k and

g(x)glx;.)K0, j=L2., k-1

With this definition, the result of Saff and Varga can be stated as follows:

THEOREM 1.1. Let f be a real continuous function on |—1, 1] and let
ReB], (f), where R=¢q/p and (g,p)= 1.

(a) If every alternation set of f— R contains at most d, :=1+m +
min(n — deg p, m — deg q) elements, then R € B,, ,(f).

(b)Y If f—R has an alternation set which contains at least
d, :=2 + n + max(m + deg p, n + deg q) points, then R € B,, ,(f).
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In proving Theorem 1.1, Saff and Varga obtained a slightly stronger result
than is stated in Theorem 1.1(a). They showed that if every alternation set of
J— R contains at most d, elements, then for any ¢ > O there is an R, € 1T, ,
for which || f—R,|| < ||f—R]| and ||R —R,|| <& That is, R is not even a
local best approximation of f. Defining By, ,(f) to be the set of T € 1, , for
which there is an & > 0 (which depends on T) such that if S €11, , and if
|f— S| <|lf—T| then [|S—T]| >¢e, we see that Saff and Varga really
proved that R & B, ,(f). Clearly B, ,(f)< B ,(f). We shall state our
extension of Theorem 1.1(a) in terms of B;, ,(f).

2. PROPERTIES OF B,, ,(f) AND B,, (f)

In this section, we will establish two necessary conditions for a rational
function R to be a member of By, ,(f), Theorem 2.1 and Theorem 2.2; and
one sufficient condition for R to be a member of B, ,(f), Theorem 2.3. As
we remarked above, Theorem 2.1 shows that d, of Theorem 1.1(a) can be
replaced by m + n + 1.

THEOREM 2.1. Let f be a continuous real function on [—1, 1], and let
REB;, (f), where R=gq/p and (q,p)=1. If every alternation set of
e :=f— R contains at most m + n + 1 elements, then R & B,fl‘,,( /).

Proof. We shall consider rational functions of the form

sq + Aa
sp+AS

A

where degs < d:=min{n —degp,m —degq}, a€l,,, fEI,, and 4 is a
small positive real number. With s, a, and § satisfying the conditions above,
it is easily verified that R, € IT,, ,. Our goal is to show that we may choose
s, a, and B so that

eRe{§(fqg —ap)} <0 on crit(e), (2.1.1)
where § is the complex conjugate of s, and
s has no zeros in [—1, 1]. (2.1.2)
Given s, a, and B satisfying (2.1.1) and (2.1.2), we will have that

/=Rl <Ilf =R (2.1.3)
for all 1 sufficiently small, whence R € B, (/).
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To see that (.2.1.1) and (2.1.2) imply (2.1.3), we first note that since
R € B, ,(f) we may assume min,,_, ;,; p(x) > 0. That assumption, (2.1.1),
the compactness of crit(e), and continuity guarantee that there is an open set
# of [—1, 1] containing crit(e) such that for some ¢ > 0

e(x) Re{s(x)(B(x) g(x) — a(x) p(x))} < — forxeZ (2.14)
In addition, that assumption and (2.1.2) yields that

O<ui=3 min sG)p(x)* < _min [s(x) p(x) + ABo)’s (2.1.5)

e[-1,1

and
0<3lspl*<lisp+A81° < 2|spl* =y (2.1.6)

for all A sufficiently smail, say 0 < A < 4,. Defining ¢ := g — ap, we obtain

f () = Ry(0)* = £ (x) — R(x)P*

A _
T |s(x) p(x) + AB(x)* [2e(x) Re{s(x) ¢(x)} (2.1.7)
1(x) B(x) | (x)?
r e Re | 10|

Let M :=|2e Re(tB/p) + (|t|*/p*)||, and assume A < A,. From Eq. (2.1.6)
and inequality (2.1.4), we conclude that

y) A'M
|f () = Ry < IIf = RII* =2 ;e

forxe?z. (2.1.8)
If 4 < min{A,, ue/My}, then (2.1.8) implies
A
If(X)I—RA(X)I2<||f—RIIZ—;s forxe#. (2.1.9)

On the other hand, since crit(e) — 7, it follows that there is a § > 0 such that

() =R I/~ R - 25
forall x€[—1,1]—#. (2.1.10)

If we let K := || 2e Re{5t}||, then (2.1.7) and (2.1.10) give

/() = Ry < |lf — RI? — 26 +17K+ A M

for xe[-1,1]—-Z. (2.1.11)
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By choosing A < min{A,, ue/M, duy/(Ky + u€)} and using (2.1.11) we find
that

Ifx)—R,x)<K|If-RIP=6  forall xe€[-1,1]-%.
(2.1.12)

Hence by (2.1.9) and (2.1.12), inequality (2.1.3) is established.

The proof will be complete if we show that s, a, and £ can be chosen so
that (2.1.1) and (2.1.2) hold. Let k be the length of the longest alternation set
of e. Since k< m+n+ 1, the best approximation w of e from II, ,, on

[—1, 1] is not identically zero. So, for x € crit(e),
(e(x) — w(x))* = e(x)’ — 2e(x) w(x) + w(x)* < e(x)’,

and therefore we have that e(x)w(x) >0 for x & crit(e). Consider a
polynomial of the form v(x)=—w(x + i), where § > 0 is small. It follows
that for § sufficiently small

e(x)Rev(x) <0 forall x € crit(e), (2.1.13)
and
v(x) has no zeros in [—1, 1]. (2.1.14)

Take J small enough so that (2.1.13) and (2.1.14) hold. Sinceve€ 11, ,, v
may be factored into the product of polynomials § and 7, where deg § < d :=
min{n — deg p, m — deg q} and deg / < N := max{m + deg p, n + deg q}. Say
§(x)=Y¢_,a,x’. Define s(x):=Y7_,a,x. Since v is not zero in [—1, 1],
neither are § and s. Further, since / € Il and p and q are relatively prime,
there are polynomials a € I1,,, # € 11, for which = g — ap. But on crit(e),
s(x)(B(x) g(x) — a(x) p(x)) = §(x) {(x) = v(x), and therefore (2.1.1) and
(2.1.2) follow from (2.1.13) and (2.1.14). 1

If R € B, ,(f) then R is the best approximation of f on crit(f— R) from
the subset of functions from 1T}, , which are also continuous on [—1, 1] (cf.
Rivlin [3, p. 131]). However, R need not be the best approximation of f on
crit(f— R) from ITI;, ,. For example, let f(x)=x — 2T;(x) where T} is the
Chebyshev polynomial of degree 3, that is, f(x)= 7x — 8x®. Note that
f(x) —x=—2T,(x) has an alternation set of length 4, and therefore
xE€B] (f). But, an easy calculation shows that on crit(f—x)=
(=1, —4,3, 1}, |f(x)—x|=2 while |f(x)—1/2x| =32. Combining these
two functions to form

x+ Al

=TT A . 09
AT 4 2l A>
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a direct calculation shows that ||/— R, ]| < ||f— x| for A sufficiently small.
That fact motivates the following theorem:

THEOREM 2.2. Let f be a continuous real function on |—1,1]. Let
REB,, (f), R=q/p where (p,q)=1, and e:=f—R. If there exists
Te i, , such that

f(x) =T < le]l, x € crit(e) (2.2.1)

then R & B, ,(f).

Proof. Suppose (2.2.1) holds. Say T = a/f, where a € IT},,, f € IT},, and
(a,8) = 1. For x € crit(e),

0> |f(x) = TE) —le(x)*

@) —a) )] [BE) ()~ ) p()]’
=260 | ]*[ P09 B ) ]
B (086) 1)

‘ﬂuf[z() 200 puf]’

where t 1= fig — ap. So
t(X) ﬂ(x) fx)’

2e(x <0 for x € crit(e). 2.2.2
For real A, we define
_g+Aia
YT p A

Since deg(q +Aia)<m and deg(p+Aif)<n, for all A, R, €I, .
Moreover, since R € B;, ,(f), we may assume that

O<u:= I{“—irxlu px), (2.2.3)

and therefore there is a 4, > 0 such that

u< Emm | p(x) + iAB(x)| < 2u forall |A|<A4,. 2.24)
Now,

=Ry = |/~ R = —2 § i

t2
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By (2.2.2), (2.2.3), and (2.2.4), the right side of (2.2.5) is continuous on
[—1, 1] and negative on the compact set crit(e). Thus, there is an open set
of [—1, 1] containing crit(e) and an ¢ > 0 such that

f &)= Rye)? < | f(x) — R(x)? _i_ﬂg
for |A|<A,, XEZ. (2.2.6)

Proceeding as in Theorem 2.1, we find a 6 > 0 and a A, > 0 for which

£ () = Ry < IIf () ~ R)|I* — &
for |Al<4,, x€|-1,1]—-%Z. (2.2.7)

From inequalitites (2.2.7) and (2.2.6), we obtain

=Rl <Ilf =Rl
for all A sufficiently small which establishes the result. [l

We have claimed that the constant m + n + 1 of Theorem 2.1 cannot be
replaced by a larger constant and still have the conclusion of the theorem by
valid. That fact is a consequence of the next two results, Theorem 2.3 and
Corollary 2.4. Actually, Theorem 2.3 is an extension of a result due to
Wulbert. In 5], he proved Theorem 2.3 for the special case when R is
normal (deg g =m or deg p = n).

THEOREM 2.3. Let f and R be continuous real-valued functions on
[—1, 1] such that RE€ IT,, ,, R =4q/p, (q,p) =1, and e :==f— R has an alter-
nation set of length at least m + n + 2. Then

REB, ,(Ae+R)  forall sufficiently small A > 0. (2.3.1)

Proof. If ¢q=0, we conclude from Theorem 1.1 that (2.3.1) holds.
Assume that ¢ # 0 and that (2.3.1) does not hold. With that assumption, we
must have a sequence {4,} with 4, > 0, 1, > 0 as k —> oo and a sequence {T,}
with T, € IT,, ,, T, = 5;/t,, (54> ;) = 1 such that

14/ + (1= A) R = Tl <Al =R (23.2)

We begin by writing 7, in a more convenient form. Suppose that for some
fixed k, degt, —degp < degs,—degg. Using the division algorithm for
polynomials, we find polynomials u,, 8, such that

Le=u,p+ By with deg B, < deg p.
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Defining a, :=s, — u,q, we see that a, € Il,, and

g+ a,

LT 233
““up+pBi ( )

where

ak € Hm’ ﬂk € Hn
and (2.3.4)

deg a, < deg g or deg S, < deg p.

If deg ¢, — deg p > deg s, — deg g, we apply the division algorithm to s, and ¢
to obtain s, =u,q + a,. By setting 8, :=1¢, —u, p, we obtain (2.3.3), and
(2.3.4). Note that deg u, < min{m — deg g, n — deg p}.

Let ¢, :=max{|a.ll,||B:}. Define &, :=a,/e;, y,:=p./6:, and r, =
¥4 — J, p- With those definitions, we have

[8l=1 o [nl=1, (2.3.5)
and
T, = Mt &y (2.3.6)
U D+ &Yy

In addition, since {||y,/|} and {||d,||} are bounded sequences, by passing to an
appropriate subsequence we may assume that {J,} and {y,} are both
convergent. Say d,—¢J and y,—y. By (2.3.4) and (2.3.5), we may also
assume that either degd < degg or degy <depp and either |§|=1 or
Iyl = 1.

Let r:=lim,, r,=y¢—3dp. If r=0 then since (g,p)=1, ¢#0, and
p£0, it must follow that p divides y and ¢ divides . But that cannot happen
since deg y < deg p or deg d < deg ¢ and at least one of y and & is not iden-
tically zero. We conclude that »# 0. In particular, since crit(e) contains at
least m+n+2 points and r€I1,, N:=max(m +degp,n+degq), we
observe that

max |r(x) > 0. (2.3.7)

xecrit(e)

We will now obtain a contradiction from (2.3.2). By (2.3.2) and (2.3.6),
we have that for x € crit(e)
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0> [Ace(x) + R(x) — Ty (x)* —~ A% le(x)f*
= 2A,e(x) Re{R(x) — T(x)} + |R(x) — T, (x)*
1 -
- [ukeke(x) Re{i6,) ()}

"k(x)m

+ 24, 2e(x) Re
kExe(x) )

ex |rx)f ]
px)? 1

So for x € crit(e),
Aty (x) 1(x)
Ex

r(x) 7,x)
p(x)

0 > 2e(x) Re

(2.3.8)

|"k(")|2
)’

For x real, w, := Re(4,4,r/¢,) is a real polynomial with degree at most
m + n, and consequently (2.3.8) becomes

+ 24,e(x)Re

%) 7)) | P
px) Py
x € crit(e) (2.3.9)

0> 2e(x) we(x) + 24, e(x) Re

where wy(x) € IT;,, , and r, € II,,.
If lim,_ lw,]| = O, then letting k — co in (2.3.9) we obtain

| r(x)?

0> 20
p(x)

for all x € crit(e)

contradicting (2.3.7). If lim,_ | w,l|[# 0, by choosing a subsequence if
necessary we may assume that w,/||w,| converges to a polynomial
w€E I, , and that lim,_  1/||w,| exists and is finite. Dividing (2.3.9) by
[iwgll and passing to the limit, we find that

0 > e(x) w(x), x € crit(e).

But crit(e) contains an alternation set for e with length at least m + n + 2.
By the standard argument, we conclude that w has at least m + n + 1 zeros.
As well,,, ,, w must be identically zero. However, ||w| = 1, and therefore,
we have obtained a contradiction. Hence (2.3.1) is established. 1§

COROLLARY 2.4. For any integers m, n, d,, d,, k with 0<d, <n,
0<d,<m, and k>m+n+ 2, there is a real continuous function f on
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[—1, 1] and a real continuous rational function R € II}, , for which R = q/p,
(9. p)=1, degree p=d,, degree q =d,, the longest alternation set of f — R
has length k, and R € B,, ,(f)

Progf. Let e be a real continuous function on [—1, 1] whose longest
alternation set has length k. Choose g € IT, and p € IT}, so that p and g have
degree d, and d,, respectively, (p, g) = 1, and p has no zeros in [—1, 1]. Let
R :=q/p. By Theorem 2.3, for 1> 0 sufficiently small, R € B,, ,(Ae + R).
Setting f:= Ae + R gives the result.

3. THE MAIN RESULT

In this section we first prove that the constant d, of Theorem 1.1(b)
cannot be improved. We do this by showing in Theorem 3.2 that for any
positive integer k with k < d, there is a real continuous function f and a real
rational R € IT}, , such that R € By, ,(f) and the longest alternation set of
/=R has length k but R & B!, ,(f). Our main result, Theorem 3.4, will then
follow as consequence of Theorem 1.1, Theorem 1.2, and Theorem 3.2.

LEMMA 3.1. Let k, ¢ be integers with k>{>0. There exist real
polynomials p, and p, such that

(@) degp,=k, degp,=¢, and (p,,py)=1;

(b) p, and p, have respectively k and ¢ distinct zeros in (-1, 1);

(c) deg(p;+p,)=k; and

(d) p,+p, has no zeros in |—1, 1) and p, + p, has at least one real
zero when k # 0.

Proof. When k=0, put p,=p,= 1. If k0 we consider three cases:
k odd, k even and ¢ odd, k even and ¢ even.

Case 1. k odd.

Let p,=T,(2x+ 1) and p,=(—1)cT{2x— 1), where T, and T, are
Chebyshev polynomials of degree k and ¢, respectiverly, and c is an arbitrary
constant, 0 < ¢ < 1. Since p, has k zeros in (—1,0) and p, has ¢ zeros in
(0, 1), it is evident that (a)-(c) are satisfied. We need to determine ¢ so that
(d) holds.

Recall that the Chebyshev polynomial of degree j, T}, satisfies | T;(x)| < 1
when x € [—1,1], |[T;(x)| > 1 when x¢ [—1,1] and T/(—1)=(—1Y. When
c =1 that fact gives
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|P1(x) + pa(x)| 2 | TA2x — 1) = |T(2x + 1) > 0
forx € [—1,0),

|P1(X) +po(x)| > | T (2x + 1) = [TA2x — 1) > 0
forx e (0, 1],

and
P:(0) +p,(0)=2.

But when c¢=1, (¢) is not satisfied for £ =%. By taking c=1—¢, ¢>0
sufficiently small, p, +p, will still have no zeros in [~1,1] and
deg(p, +p,)=k for any ¢, k > ¢ > 0. Since p, + p, has odd degree, p, + p,
must have at least one real zero.

Case 2. k even and ¢ odd.

Let g, := (x +1)%, g, := —c(x — 1), where ¢ > 1. Clearly, g + g, has no
zeros in [—1,1). Let ¢c= (3)* so that g, +g, has a simple zero at 2. By
continuity, we may choose distinct points —1 <y, <y, < - <y, <z, <
z;< -+ <z, <1sothat if |y, +3],j=1,2,.,k and |z;— 1|, j=1,2,.,¢
are sufficiently small then

() = | | =) =@ [ -2)

has no zeros in [—1,1], and s has a zero in (l,00) Setting
pi=[]-, (x—y;) and p, =—G)*[Ij=, (x — z,) establishes (a)-(d).

Case 3. k even and f even.

Choose positive integers s and ¢ such that s and ¢ are odd and s + ¢t =k.
Define g,(x) := (x — 1)° (x + 1), g,(x) := —3x’ Then ¢, + g, has no zeros
in [—1, 1]. Moreover, since ¢q,(1) + ¢g,(1) = —1 and g,(x) + g,(x) > 0 for all
x sufficiently large it follows that g,(x) + g,(x) has an odd zero in (1, c0).
Proceeding as in Case 2, we obtain (a)-(d). 1

LeEmMMA 3.2. For any integers m, n, d,, d, with 0 <d,<n, 0<d, <m,
there are real rational functions R and T satisfying

(a) R =gq/p, where degq=d,, degp =d,, (q.p) =1, and p(x) # 0 for
xe[-1,1];
(b) T =s/t, where degs <m, degt<n, (s,t)=1;
(c) there are points —1 <x; <x, < ---<Xx, <1, where L .=1+n+
max{n +d,,m + d,} such that
[RCe) = TE)) IRy 1) = Ty )] <Oy ji= 1,2, L= 1

and t(x;) #0,j=1,2,.,L.
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Progof. First suppose n +d, < m+d,. Define N :=max{n+d,,m+d,},
k:=N—d,, and ¢ :=n. Let p, and p, be polynomials satisfying (a)-(d) of
Lemma 3.1. Choose any polynomial g € IT;, which has d, distinct zeros in
(—1, 1) different than those of p, and p,. Denote —p, by t. Condition (d) of
Lemma 3.1 guanrantees that —p, + ¢ can be factored into the product of real
polynomials r and p where deg r = k — d, and deg p = d, and p has no zeros
in |[—1, 1]. Putting s :=gr, we observe that deg s < d, +k—d, =m.

Now, define R :=g/p and T :=s/t. Then

R_T3=P_ 9
pt pt

b4

which has exactly N distinct simple zeros and exactly # distinct simple poles
in (-1, 1). Let y, <y, < --- <y, _, represent all of those zeros and poles, let
Yo :=-—1, and let y, = 1. Since the zeros and poles of R — T in [—1, 1] are
simple, R — T does not change sign on (y;,¥;,,), j=0,1,.,L—1, and
moreover, R —T has different signs on (y,,y;,,) and (y;,,);.2)
J= L., L —2. Selecting x; € (y;_;,¥;), j=1, 2,..., L yields (a}-(c).

If Ni=n+d,>m+d,, let p,€II, be any real polynomial with N
distinct zeros in (-1, 1), let p be any polynomial with deg p =d, such that
p(x) > 0 for all x € [—1, 1], and let s > 0 be a constant so small that p, + sp
has N distinct zeros in (—1, 1). Our choice of p, and p implies that p, and
p, +Sp have no common zeros. Factor the polynomial p, + sp into the
product of polynomials g and ¢ so that degt=n and degq=d,. Define
R:=gq/p and T:=s/t. Since R—T=p,/pt, R—T has N+n=L—1
distinct simple zeros and poles in (—1, 1). Continuing as above, we obtain

(@) |

THEOREM 3.3. For any integers m, n, d,, d,, k with 0<d, <n,
0<d,<m, and 0 <k L:=1+n+max{n+d,, m+d,}, there is a real
rational function R with no poles in |—1, 1] and a continuous real function f
on [—1, 1] for which

(@) R =gq/p where degq=d,, degp=d,, and (g,p) = 1;
(b) f—R has an alternation set of length k and R & B, ,(f).

Proof. Let R and T be as in Lemma 3.2. By (c) of Lemma 3.2 there is a
set of points X := {x, < x, < --- < x;} such that

sign[R(x;) — T(x))]
=(—1Y*'sign[R(x,)~ T(x)], Jj=1,2u,k
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Define é on X by

é(x;) = (—1Y 1,
where

= sign|R(x,) — Ty J{1 + max {R(x;) — T(x))}.

Let e be any continuous extension of é to [—1, 1] such that

lell <4 and je(x)] < 4 for X # X, ey X, .

Now, put f:=e + R. Since both e and R are continuous, so is /. Also f—R
has an alternation set of length k. But for x € X,

1S Ge) = Tl = [e(x;) + Rxp) — T(x))|
=|(—1Y A + R(x;) — T(x;) (3.3.1)
= 1A= RCe) = TCel| <IA]-

However, (3.3.1) implies that T is a better approximation to f on crit(e) than
R is. By Theorem 2.2, R& B!, (/). &

THEOREM 3.4. Let f be a real continuous function on [1,1] and let
R=g/pe;, ,, (q,p)=1 be such that the longest alternation set of f—R
has length L.

(@) IfL>2+n+max{m +degp,n +degq} then R € B, ,(f).
(b) IfLLm+n+1 then R€& B, (f)

The constants in (a) and (b) are the best possible in the following sense:

Let A\(1,,1,,1;,1,) and A,(I1,,1,,1,,1,) be integer functions of four

integer variables such that for any real continuous f and R=q/p€ I, ,,
(g, p) =1 with L the length of the longest alternation set of f— R it follows
that

(c) L >A,(m,n,degq,degp) implies that R € B, ,(f); and

(d) L < A,(m,n,degq,deg p) implies that R & B, ,(f);
then

(e) A,(m, n, deg g, deg p) > 2 + n + max{m + deg p, n + deg q)};
and

(f) A,(m,n,degg,degp)<m+n+ 1
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Proof. Condition (a) is (b) of Theorem 1.1. Condition (b) follows from
Theorem 2.1. The remainder of the theorem follows from Corollary 2.4 and
Theorem 3.3. 1
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